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Abstract. In this paper we describe a simply connected component of the 
complex manifold Stab (A) of stability conditions on a generic complex torus 
X . A generic complex torus is a complex torus X with H p,p (A)nH 2p (A, Z) = 
for all < p < dim X. 

1. Introduction 

In his paper [5] T. Bridgeland introduced the notion of a stability condition on a 
triangulated category. His main result states that the space Stab(X) of numerical 
locally finite stability conditions on the bounded derived category D b (X) of a com- 
pact complex manifold X has a natural structure of a complex manifold. During 
the last years people have tried to describe the manifold Stab(X) for various X. 
The case of curves was treated by Bridgeland [5J, S. Okada [TT] and E. Macri [9]. 
In their paper [7] D. Huybrechts, P. Stellari and E. Macri gave a full description 
for generic K3 surfaces und generic complex tori of dimension two. The condition 
'generic' means H M (X) n H 2 (X, Z) = 0. T. Bridgeland considered the case of pro- 
jective K3 surfaces and abelian surfaces in [4j. For these projective surfaces the 
structure of the space Stab(X) is only partially known. 

In this paper we construct stability conditions on generic complex tori of any di- 
mension. A complex torus is called generic if 

H M (I)nH 2!, (I,Z)=0 V0<p<dimX 

The main result of this paper is the following theorem. 

Theorem 1.1. Assume X is a generic complex torus of dimension d. Let U{X) 
be the set of all numerical locally finite stability conditions a = (Z, V) such that 
there exist certain real numbers </> and ij) such that k(y) £ V(<j)) for all y € X and 
L e for all L £ Pic°(X). Then U(X) is a simply connected component of 

Stab(X). 

Furthermore, U{X) can be written as a disjoint union of GL + (2, M)- orbits 
U(X)= |J a (p) -GL+(2,R) U \J vfa ■ GL+(2,M) 

0<p<d l< P <d 

ie(o,i/2) 

with explicitly given stability conditions cr( p ) and aj p ^ . 

Since the case dim X = d < 2 has already been studied, we restrict ourself to tori 
of dimension d > 3. In contrast to the case d < 2 the space U(X) is no longer a 
covering of its image under the map Z : U(X) 3 a = (Z,V) i — ► Z G Z(U(X)) C 
H*(X, C) v . Furthermore, also in the case d > 3 it is still open whether or not 
Stab(X) is connected. 
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Note that the characterizing condition of U(X) is invariant under the Fourier- 
Mukai transform with respect to the Poincare bundle. Hence there is a natural 
isomorphism U(X) = U(X), where X = Pic (X) is the dual torus. 
The picture below illustrates U(X) and Z(U(X)) of a generic torus of dimension 
d = 5. Note that a point in the helix represents a simply connected 2-dimensional 
subspace in the GL + (2, K)-orbit of some stability condition, whereas a point in the 
circle below represents a 2-dimensional subspace in the GL + (2,lR)-orbit with the 
fundamental group Z. 




At this point it still seems very difficult to construct stability conditions on the 
bounded derived category of projective manifolds of dimension d > 3. 

Acknowledgements. I would like to thank Daniel Huybrechts for introducing 
me to the subject and a lot of fruitful discussions. 
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2. Sheaves on generic tori 



In this section we study sheaves on a generic torus X of dimension d > 3. The 
following facts and arguments are well known (see e.g. [12j or [13)). The main 
result states that on such a torus every reflexive sheaf is locally free and possesses 
a filtration, whose quotients are line bundles in Pic (X). 

Definition 2.1. A compact complex torus X of dimension d is called generic, if 
H»(I)nH 2!, (I,Z)=0 V0<p<d. 

As an immediate consequence of the definition we get 

• Pic(X) = Pic°(X), 

• the support of any torsion sheaf is a finite set of points in X. 
The last observation leads to the simple but frequently used formula 



(1) 



Ext l (T, F) = Ext d -\F,T) v — H a ~ % (X, T ® F y ) 



d—i 



o 



Vi<d 



for a torsion sheaf T and a locally free sheaf F on X. We begin our investigation 
of reflexive sheaves with the following lemma. 

Lemma 2.2. On a generic complex torus X of dimension d > 2 the following 
conditions for a coherent sheaf G on X are equivalent. 

(a) G is reflexive, 

(b) Hom(T, G) = Ext (T, G) — for all torsion sheaves T. 



Proof, (a) =>■ (b) For any extension — > G 
G we consider the commutative diagram 



F -> T -> of a torsion sheaf T by 



0- 



0- 



G 



■ T ■ 



G v 



F x 



■T' 







with exact rows and a suitable torsion sheaf X". Since G vv and F vv are reflexive, 
the morphism i vv is determined on a complement of a Zariski-closed subset Z of 
codimension > 2. If we take Z = Supp(T'), we see that i vv : G vv — > F vv is 
an isomorphism. The morphism tt := 7" - 1 o (^v)- 1 o a splits our extension. The 
vanishing Hom(T, G) — is obvious, because G is torsionfree. 
(b) => (a) Like every coherent sheaf, G fits into an exact sequence 







S 



G 



T 







with torsion sheaves S and T. Due to our assumption S = and the resulting short 
exact sequence splits. But the reflexive sheaf G vv has no torsion subsheaves, hence 
T = and G is reflexive. □ 

Corollary 2.3. Assume X is a generic complex torus of dimension d > 3. If 
— > Fi — > F2 — ► F3 — > is a short exact sequence in Coh(X) with a locally free 
sheaf Fi and a reflexive sheaf F2, then the sheaf F3 is also reflexive. 



Proof. Apply Hom(T, - 
2.2. 



to the short exact sequence and apply (1) and Lemma 

□ 
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Let w be a Kahler class and denote as usual the slope 

J x c 1 (E)Alj' 1 - 1 
rk(E) 

of a torsionfree sheaf E with fj, u (E). There is the notion of /i w -(semi)stability, and 
on a generic torus X of dimension d > 2 every torsionfree sheaf is semistable with 
slope /J, U (E) — 0. 

The following important proposition is a special case of a theorem by Bando and 
Siu [J. 

Proposition 2.4. Let X be a generic complex torus of dimension d > 3 with fixed 
Kahler metric lu. Then every [i^ -stable reflexive sheaf F is a line bundle in Pic°(X). 

Proof, (see [T] for more details) Bando and Siu construct a canonical Hermite- 
Einstein connection on the restriction of F to an open set on which F is locally 
free and whose complement consists of finitely many points. The curvature is L 2 - 
integrable and satisfies the Bogomolov-Liibke inequality on X. Because of Ci(F) — 
ch2(F) = this connection is flat outside this finite set of points. Since the points 
have codimension > 2, this flat connection has no local monodromy and one can 
extend the flat bundle to a flat bundle on X. Since F is reflexive, it coincides 
with this flat bundle up to isomorphism. The connection on the stable bundle F 
corresponds to an irreducible representation of the abelian fundamental group of 
X. Thus, F is a line bundle. □ 

Proposition 2.5. On a generic complex torus X of dimension d > 3 every reflexive 
sheaf is locally free and admits a locally free filtration with quotients in Pic°(X). 

Proof. Since C\(F) = 0, every reflexive sheaf F is /z^-semistable and admits a 
Jordan-Holder filtration 

Ocf CfiC..T„=F 

with stable quotients. We may assume that Fj is reflexive for all < i < n. Due 
to the previous proposition Fq> £ Pic°(X). Furthermore, because of Corollary 2.3, 
Fx/Fq is reflexive. Hence Fi/F G Pic°(X). Since Fq and F\/Fq are locally free, 
F\ is also locally free. Now we proceed in this way and obtain the assertion. □ 

Remark 2.6. Note that Proposition 2.5 implies that there are nontrivial mor- 
phisms L\ — > F and F — > L2 with £1,^2 £ Pic°(X) for every reflexive sheaf F. 

In order to use these results, we will in the following assume dimX > 3 . 

3. Some stability conditions on generic tori 

In this section we construct and characterize certain stability conditions on T) b (X). 
Recall, a stability condition on X consists of a bounded t-structure on D (X) and 
an additive function on the K-group of its heart satisfying certain properties. 
On D b (X) there is the standard t-structure with heart Coh(X) =: Coh( )(X). For 
the construction of other t-structures we follow the method of Happel, Reiten, and 
Smal0 using torsion pairs. 
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Definition 3.1. A torsion pair in an abelian category A is a pair of full subcat- 
egories (T, F) of A with the property Hom^ (T,F) = for T 6 T and F E T. 
Furthermore, every object E E A fits into a short exact sequence 

— >T — > E — ► F — > 

for some objects T G T and F E T . 

For the abelian category Coh(X) the two subcategories T := {torsion sheaves} and 
T := {torsionfree sheaves} form a torsion pair. The following lemma illustrates the 
importance of this notion. 

Lemma 3.2 ([6], Proposition 2.1). Suppose A is the heart of a bounded t-structure 
on a triangulated category T> and let us denote by H : T> — > A the cohomology 
functor with respect to this t-structure. For every torsion pair (T, F) in A the full 
subcategory 

A 9 = {EeV\ H\E) = fori£ {-1, 0}, H-\E) E T and H a (E) E T} 
is the heart of a bounded t-structure on T>. 

Using our torsion pair on Coh(X) we obtain a new t-structure on D b (X) whose 
heart Coh(X)" =: Coh^pf) consists of complexes E of length two with a torsion 
sheaf H°(E) and a torsionfree sheaf H^ 1 (E). 

We claim that on a generic torus X of dimension d > 3 the pair Ti-u = T = {torsion 
sheaves} and J 7 ^ — {locally free sheaves} [1] is a torsion pair in Coh^(X). For a 
torsion sheaf T and a locally free sheaf F we have Ext 1 (T, F) = due to |l|. Hence 
what remains to show is the existence of a short exact sequence as in the definition 
of a torsion pair. For any E E Coh^) (X) there is a triangle 

T — ► H-^E^l] — > F[l] — ► T[l] 

with locally free F := iJ- 1 (^) vv and T := F/H~ 1 (E) E T (1) . We denote by C the 
cone of the composition T — > H^ 1 (E)[1] — > E. From the octahedron axiom we get 
the triangle 

F[l] — > C — > H°(E) — ► F[2] 

and conclude C = H°(E) © F[l], because Ext 1 (H° (E) , F[l}) = Ext 2 (H° (E) , F) = 
0. If we define K as the cone of the composition E — > C — > F[l], we get the triangle 

K[-l] — >E — > F[l] — > K. 

Using the associated long exact cohomology sequence in Coh(X) and the definition 
of F we see K[— 1] E Tm and we are done. By definition the heart Cohm (X)" =: 
Coh( 2 ) (X) of the new t-structure consists of objects E which fit into a triangle 

(F[1])[1] = F[2]— >£— >T 

with some torsion sheaf T and some locally free sheaf F. For dim(X) = d > 3 
any such triangle splits and we get E = T © F [2] . It is easy to check that T( 2 ) = 
T = {torsion sheaves} and T^) — {locally free sheaves} [2] define a torsion pair 
on Coh( 2 )(X). For every object E of the new abelian category Coh^pQ" =: 
Coh( 3 ) (X) one has a triangle 

(F[2])[1] = F[3]— >£— >T 
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with a torsion sheaf T and some locally free sheaf F. For d > 4 we proceed in this 
way. Eventually one has d bounded t-structures with hearts Coh( p )(X),0 < p < d. 
In the case < p every object E € Coh( p )(X) fits into a unique triangle 

F[p] — >E — ► T 

with some torsion sheaf T = H°(E). The sheaf F = H~' P (E) is torsionfree and, 
moreover, locally free for p > 2. In the case 2 < p < d — 1 the extension is trivial. 

Lemma 3.3. For every < p < d the category T of torsion sheaves is an abelian 
subcategory o/Coh( p )(X) 7 i.e. if f : S — > T is a morphism in T and if we denote 
the kernel of f in T and in Coh( p )(X) by ker/ resp. ker( p ) /, then ker/ = ker^ / 
and similar for the cokernels. 

Proof. Let us denote by H 1 ,-. the i-th cohomology functor of the t-structure cor- 

responding to Coh( p )(X). We assume p > 1 and form the triangle S — * T — > 
M S[l}. Then we have H°(M) = coker/ and H~ 1 (M) = ker/ as well as 
H ( P )( M ) = cokcr (p) f =:C and H^j(M) = ker (p) / =: K. We form the long exact 
cohomology sequence in Coh(X) of the triangle K[l] — > M — > C — > if [2] and use 
JC,C6 Coh (p) (X). 

— > — ► H- p - l {M) 

S v ' 

=0 

ff-P(C) — ► H 2 - p (K) — > . . . 

torsionfree torsion 

— > H-^M) — >H- 1 {C) 

—ker /.torsion —coker / 

From this sequence we deduce H~p(K) = and H~p(C) = 0. Hence K = H°(K) 
and C = H°(C) and, therefore, K — ker / as well as C — coker/. □ 

Lemma 3.4. Any morphism f £ Hom(F, G) between torsionfree sheaves F and G 
defines a morphism /[l] : F[l] — > G[l] in Coh(i)(X) and if we denote by T(E) the 
torsion subsheaf of a sheaf E , we get _ff _1 (ker ( - 1 )(/[l])) =ker/, H (kern) (/[l])) = 
r(cokcr/), iJ- 1 (cokcr (1) (/[l])) = coker //r(cokcr/) as well as if°(coker (1) (/[l])) 
= 0. 

Proof. We imitate the proof of the previous lemma. Let M be defined by the 

triangle F[l] ^ G[l] — > M — > F[2\. Thus, H~ 1 {M) = coker/ and H- 2 (M) = ker/ 
are the only nontrivial cohomology sheaves. The rest of the proof is left to the 
reader. □ 




Proposition 3.5. For 1 < p < d the abelian category Coh^(X) is of finite length, 
i.e. noetherian and artinian. 

Proof. We show that Coh( p )(X) is noetherian. The proof for Coh( p )(X) been ar- 
tinian is similar and left to the reader. 

Take an infinite sequence E = Eq -» E\ -» Ei -» . . . of quotients. We obtain the 
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commutative diagram 

E n »- E n+ i 



H°(E n ) ^H°(E n+1 ) 

which shows that H°(E n ) — > H°(E n+ i) is an epimorphism in Coh( p )(X) for all 
n > 0. Since there are only finitely many quotients of the torsion sheaf H°(E) in 
Coh(X) and by Lemma 3.3 also in Coh (p) (X), we get H°(E n ) H°(E n+1 ) for all 
n>0. Then we apply the snake lemma to 

(2) *H-P(E n )\p\ ^E n > H°(E n ) ^0 



H-P(E n+1 )[p] > E n+1 ^ H°(E n+1 ) 

which yields that H~ p (E n )[p] -» H~ p (E n+ i)[p] is an epimorphism. Since the 
rank function rk is additive, the sequence (rkff _p (i?„))„ e N = ((— l) p rk(E n )) n£ ^ 
of natural numbers decreases. Thus, without loss of generality we can assume 
vkH- p (E n ) = rkH- p (E n+1 ) for all n > 0. Hence the kernel K n G Coh (p) (X) of 
the epimorphism H~ p (E n )[p] -» H~ p (E n+ i)[p] has rank zero and is, therefore, a 
torsion sheaf. In the case 2 < p < d there is no triangle 

H- p {E n+1 )[p - 1] — K n — » ff" p (^)[p] 

with A"„ ^ 0. Hence ff-P(£? n )[p] = ff-" (£ n+1 )[p] and © yields E n E n+1 for 
all n > 0. 

In the case p = 1 set T n = H^ 1 (E n ) vv /H^ 1 (E n ) and consider the commutative 
diagram 

(3) T„ H-\E n )[l] H-\E n )^[l] 

p[i] 

- T n+1 > H-\E n+1 )[l] - H-\E n+1 )^[l] >- 

of exact sequences in Cohm(X). Hence /3[1] is an epimorphism in Coh(!)(X) and 
due to Lemma 3.4 we get coker/3 6 T. Together with YkH~ 1 {E n ) = rkH~ 1 (E n+ i) 
this shows ker/3 = 0. Since the sheaves are locally free, coker/3 = 0, because there 
are no divisors. Using Lemma 3.4 we conclude ker(x)(/3[l]) = cokerm(/?[l]) = 
and P[l] is an isomorphism. Hence a is an epimorphism in Coh^(X) and due to 

Lemma 3.3 also in Coh(X). Since T n has only finitely many quotients, T n ► T n +i 

for all n ^> 0. If we first apply the snake lemma to ((3]) and then to ([2|), we obtain 
isomorphisms E n — — » E n +i for all n 3> 0. □ 

Corollary 3.6. For < p < d the additive function Zu,\{E) = — chd(E) + 
(— l) p rk(i?) ■ i is a stability function on Coh( p )(X), where chd(E) is (the integral 
over) the d-th Chern character of E . Furthermore, the pair ar p ) '■= {Zt p \, Coh( p )(X)) 
is a numerical locally finite stability condition on D b (X). 
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Proof. For the first part we remark that any 0^£e Coh( p ) (X) with rk(E) = is 
a torsion sheaf supported on a finite set. For those sheaves chd(E) > 0. The second 
assertion is clear for < p < d due to the fact that Coh( p ) (X) is of finite length. 
For p = we only have to consider the case of an infinite decreasing sequence of 
subsheaves 

• • • Q Gn+l C Q n C . . . C Q — Q, 
because Coh(X) is noetherian. For n > we have rk(£?„ + i) = rk(Q n ) and, there- 
fore, Z( )(S„ + i) = Z (0 )(g n ) - Z (0 )(g n /g n+ i) = Z {Q) (g n )+ch d (T n ) with the torsion 
sheaf T n := g n /g n +i- Hence the sequence of phases does not increase for n ^ 0. 
This shows that Z( ) satisfies the Harder-Narasimhan property on Coh(X). 
The condition of locally finiteness is automatically fulfilled since the values of 
form a discrete set. □ 

Remark. After suitable modifications in the definition of Coh( p ) (X) all the previ- 
ous statements of this section remain true for compact complex Kahler manifolds 
without nontrivial subvarieties like generic complex tori or general deformations of 
Hilbert schemes of K3 surfaces (see [ID]). More precisely, Coh( p )(X) is the abelian 
category of perverse sheaves with the constant perversity function ~p. Bounded 
t-structures of perverse sheaves on algebraic varieties has been investigated by M. 
Kashiwara ([5]) and R. Bezrukavnikov ([2]). 

The next proposition gives a rough classification of the objects E in Coh( p )(X) 
which are stable with respect to o~( p \ . 

Proposition 3.7. In Coh( p )(X) the sheaf k(y) is stable of phase 1 for any y G X 
and L[p] is stable of phase 1/2 for any L G Pic°(X). For < p < d — 1 these are 
the only stable objects in Coh( p )(X). The phases of all stable objects in Coh(X) are 
contained in (0, 1/2] U {1} and the phases of all stable objects in Coh(^_ 1 )(X) are 
contained in [1/2, 1]. 

Proof. The case p = 0: It is an easy calculation to check the stability of L for any 
L G Pic°(X) and of k(y) for any y G X. If E G Coh(X) is stable but not torsion, 
it must be torsionfree. Otherwise there is a nontrivial morphism k(y) — > E which 
cannot exist. Furthermore, there is a nontrivial morphism E — » £' vv — > L for some 
L G Pic°pO (see Remark 2.6). Hence <p{E) < cj>{L) = 1/2. 

The case < p < d— 1: For 1 < p < d we know that H~ P (E) is locally free for any 
E G Coh( p )(X). This also holds for every stable object E G Coh^(E) which is not 
a torsion sheaf. Indeed, if H~ 1 (E) is not locally free, there is a nonzero morphism 
T ->■ H^iE^l] -> E coming from the extension -> H~ l {E) H- 1 (E) VV 
T -> with T G T. This contradicts the stability of E. Hence H- p {E) is locally 
free for any stable E G Coh( p ) (X) ,E£T. Due to formula |T]) 

Ext 1 (H°(E),H- p (E)\p]) = Ext 1+p (H°(E),H- p (E)) = 

and, therefore, E Si H°(E) © H~P(E)\p]. Hence E S H- p {E)[p] and the only 
stable objects are of the form k(y) with phase 1 or F[p] with F being locally free 
and with phase 1/2. For any L G Pic°(X) the complex L[p] has phase 1/2. Thus, 
the stable factors of L[p] are of the form F\p] with F being locally free. Since 
rk(L[p\) = (— l) p , the complex L[p] is already stable. Conversely, due to the exis- 
tence of nontrivial morphisms L[p] — > F[p] any stable object has rank (— l) p and 
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the assertion follows. 

The case p = d - 1: One has Z {d _ r) (E) = -ch d (H°(E)) + vk{H 1 - d {E)) ■ i for 
any E G Co\ d _ 1) {X) . Hence <j>(E) G [1/2, 1] for all £ G Coh ((J _ 1) (X). Since the 
phases of k(y) and of L[d — 1] are in the boundary of the interval [1/2, 1] for any 
y G X and L G Pic (X), these objects have to be semistable. They are also stable, 
because their Chern character is primitiv. □ 

Note that any ideal sheaf I{ pi ,..., Pn } is also stable in Coh(X). Hence there is no 
positive lower bound for the phases of stable objects in Coh(X). Similarly, there is 
a sequence of stable objects in Coh(d_i) (X) whose phases form a strictly increasing 
sequence converging to 1. 

Corollary 3.8. For any < p < d — 1 and any 7 G (0, 1/2) the pair 

<*l) ■■= = -<**(•) - (-l) p cot(^ 7 )rk(.),Coh (p) (X)) 

is a numerical locally finite stability condition. 

Proof. Since Coh( p )(X) is of finite type, we only have to show Z7AE) < for all 
E G Coh( p )(X). It is enough to check this for those objects in Coh( p )(X) which are 
stable with respect to ai p y Using Proposition 3.7 this is an easy calculation which 
is left to the reader. □ 

Next, consider the GL + (2, R)-orbits through the stability conditions ov p ) = (Z^, 
Coh( p )(X)) and aj p ^ — {Zj p y Coh( p )(X)) in Stab(X). It is an easy exercise to check 
that they are disjoint. 

At the end of this section we will characterize the set 

U{X):= |J <7 (p) .GL+(2,M) U (J <jj p) ■ GL+(2, R) 

0<p<d l< P <d 

7£(0,l/2) 

of our stability conditions. 

Proposition 3.9. Assume X is a generic complex torus of dimension d > 3. IfV 
is a slicing on D b (X) with the property k(y) G 'P(l) for all y G X and L G V(ip) for 
all L G Pic°(X) for a fixed ip G R, then A := V((0, 1]) = Coh (p) (X), where p G N 
is the unique number with f/)+p£ (0, 1]. 

Proof. Since Hom(Ox, k(y)) ^ and Hom(k(y),Ox[d\) ^ 0, we conclude 

ib G (1 — d, 1) and, therefore, < p < d. 

The case p = 0: In this case k(y) G A for all y G X and L G A for all L G Pic°(X). 
Furthermore, E G "P([0, 1)) for all <7( )-stable torsionfree E G Coh(X). Indeed, for 
such E there is a triangle 

(E vy /E)[-l] — ► E — > E vv — > E yv /E 

with the locally free sheaf E vv G T{ib) and the torsion sheaf E vv /E G V(l). This 
shows E G V{[0, 1)) If E £ V{{0, 1)), we find a nontrivial morphism E -> T[-l] 
with stable T G V(l). We show T = k(y) for some y £ X which contradicts 
Hom(£7,fc(y)[-l]) = 0. 

In order to show T = k(y), assume H m (T) ^ and i? n (T) ^ but H fc (T) = 
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Vfc ^ [to, n] for two integers m < n. If H m (T) is not torsionfree, there are nontrivial 
compositions 

k(y)[-m] — ► H m {T)[-m] — ► T and T — ► H n (T)[-n] — ► k{z)[-n] 

for suitable y,z E X. If H m (T) is torsionfree but not reflexive, we replace the first 
composition by 

k(y)[-l - to] — > tf m (T)[-TO] — T 

and if H m (T) is reflexive, we take 

L[-m] — » i7 m (T)[-TO] — > T 

for a suitable L G Pic°(X). If T G 'P(l) is not isomorphic to k(y), we get in all 
cases —to < — to<1<1 — n and, therefore, n < < m, a contradiction to 
to < n. 

Thus, any cr( )-stable sheaf is contained in A = V((0, 1]) and we get Coh(X) C A. 
By standard arguments Coh(X) = A. 

The case < p < d: From the proof of Proposition 3.7 we know that any <7( p )-stable 
object E E Coh( p )(X) fits into a triangle 

H- p (E)[p] — -> E — > H°(E) 

with locally free H- p (E) G V(tp) and the torsion sheaf H°(E) G V{1). Since 
P(tp+p) C and C ,A, we see E ^ A and, therefore, Coh (p) (X) C ^4. Again 
we can conclude Coh( p ) (X) = A. □ 

Proposition 3.10. Assume (Z', Coh( p )(X)) is a locally finite numerical stability 
condition on X with < p < d — 1 and (j)'(k(y)) = 1 /or all y E X . Then there is a 
matrix G G GL+(2, M) wii/i G • Z (p) = Z' or G ■ Zj p) = Z' for a unique 7 G (0, 1/2). 

Proof. Since Z' is numerical, we get Z'(E) = -e ch d (E)-(-l)P f ik(E)+{g ch d (E)+ 
(—l) p hrk(E)) ■ i for a suitable matrix 



Since 4>'(k(y)) = 1, we obtain g = and e > 0. If Z' takes values in (— 00, 0), then 
h = 0, / > and 

f ReZ' \ (e 0\ / -ch d -(-l)P C ot(7r 7 )rk \ ... . 
^ lmZ , ) = [ Q J Q ) with cot(7ry) = //e. 

This can only occur for < p < d — 1 since Coh(X) is not of finite type. If the 
image of Z' is not contained in (— 00, 0), then h > and 

( RcZ> \ = fe -f\ ( -ch d \ 
^ lmZ' ) \0 h )'\ (-l) p rk J ' 

□ 

Using these two propositions we get the main result of this section which charac- 
terizes the set U(X) of stability conditions. 



J G Mat(2,M) . 
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Theorem 3.11. Assume X is a generic complex torus of dimension d. The set 
U(X)= |J a (p) -GL+(2,R) U |J aj p) ■ GL+ (2, R) 

0<p<d i< P <d 

7£(0,l/2) 

is the set of all numerical locally finite stability conditions a = (Z, V) such that 
there exist certain real numbers 4> and tp such that k{y) G V{<j)) for all y G X and 
L G V{ip) for all L G Pic°(X). 

Proof. Choose some stability condition a — (Z, V) with the property described in 
the theorem. After applying some G G GL + (2,R) we can assume k(y) G 'P(l) 
V y G X. Using Proposition 3.9 and Proposition 3.10 we get a G U{X). Of course, 
every stability condition in U {X) has the charaterizing property. □ 

4. The topology of U(X) 

In this section we study the topology of U(X). As we will see, U(X) is a simply 
connected component of Stab(A). 

The first part of this section is a more general consideration of GL + (2, R)-orbits in 
the space Stab(X>) of locally finite stability conditions on a triangulated category 
V. In the second part we come back to the case V = D b (X). 

Let £ C Stab(£>) be a connected component and let us denote by V(Y>) the linear 
subspace in Hom(K(T>), C) such that the forgetting map 

2 : Stab(£>) DS9<t = (Z,?) — > Z E V(E) C Uom(K(V),C) 

is a local homeomorphism. Given a stability condition a = (Z, ?) £ S the space 
V(Y>) is characterized by 

V(E) ={U€ Rom(K(V),C) I II^IU < 

where 

r \u{e)\ 



sup ■ 



E semistable in a 



I \Z{E)\ 

and || • Her can be used to define the topology on [5]. It follows that the 

evaluation map 9 U i— » U{E) G C is continuous for a fixed E G V. 

The universal cover GL+(2, R) of GL+(2, R) acts on Stab(D) from the left by g-a := 
a ■ g , where the the latter action is the one considered by Bridgeland in [5]. 
Furthermore, there is an action from the left of the ring Mat(2, R) on Hom(K (V) , C) 
and the map Z commutes with these actions. Let us consider a stability condition 
d = [Z, V) G S such that the image of the central charge is not contained in a real 
line in C and V(l) ^ {0}. We are interested in the boundary points of the orbit 

a ■ GL+(2,R) = (GL+(2,R))" 1 • a = GL+(2,R) -a C S. 

This orbit is a real submanifold of S of real dimension four. It follows from the 
definition that the central charges of all stability conditions of this orbit factorize 
over the quotient by K(T>)^ a := {e G i^(2?)]R | Z{e) = 0} of real codimension 
two, i.e. they are contained in the closed real four-dimensional subspace V(Y*) a :— 
Rom & (K(V) M /K(V)^ a ,C). The map Mat(2,R) 3 M ^ M o Z G F(E) is an 
R-linear isomorphism onto V(T,) a . This isomorphism identifies GL + (2,R) with 
Z(GL+(2,R) -a). We write Z{E) = $t(E)+i- %(E) with linear independent 3? and 
3 G Hom(/f(D),R). 
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Let us denote by a' — (Z',V) a boundary point of the orbit a ■ GL + (2,R). Since 
the evaluation map is continuous, Z' still factorizes over K(D)^ a . After applying 

some element of GL + (2,R) to a', we can, therefore, assume Z' = 5ft — cot(7T7)5 
with a suitable 7 G (0, 1), because semistability is a closed property and, therefore, 
Z'(E) ^ ME G V(l). The line Z' = in C ^ R5ft © R3 is given by the equation 
5ft = cot(7T7)Q ! and since Z'(E) ^ V-E semistable in a, we have 

(4) 7 ^ V J5 stable in a. 

The following result was already known to the experts (see for example [4] and [3]). 

Proposition 4.1. TTie heart V'((0, 1]) = of a' is the tilt A° of A ;= V((0, 1]) 

with respect to the torsion theory ("P((7, 1]), 'P((0, 7))), i.e. 

V'{1) = {EeV\ H°(E) G P(( 7 , 1]), ff- 1 ^) G P((0, 7)), = else }, 

where H denotes the cohomology functor associated to the bounded t-structure with 
heart A. 

Proof. Due to ([4]) the pair (V(('y, 1]), V((0, 7))) is indeed a torsion theory in .4 = 
7>((0,1]) and since Z'(^) ^ V E semistable in a, we obtain E G 7>'(0) V £ 
semistable in a with <?!>(-£?) G (0,7). Therefore, V((0,j)) C 'P'(O) and, similarly, 
^((7,1]) C P'(l). Hence P'(l) contains the tilt of V((0, 1]) with respect to the 
above torsion theory. By standard arguments one concludes equality. □ 

In order to show the nonexistence of boundary points a', we introduce the following 
two phases for our stability condition a = (Z, V) and the real number 7 G (0, 1). 

7+ := rnf-O(-E') | E G V stable in a, <p(E) > 7}, 
7~ := sup{>(£0 I E G V stable in a, ef>(E) < 7}. 

Clearly 7" < 7 < 7 + and there is no E G T>, stable in a, with 4>(E) G (7~,7 + ). 
Hence for all 7' G [7~,7 + ] satisfying (|4]) we obtain 7+ = 7'+ and 7~ = Note 
that for 7 G (7~,7 + ) the condition (j4|) is always fulfilled. 

Proposition 4.2. If V(^ + ) = {0} or V{"j~) — {0} and 7' G [7~,7 + ] satisfying 
Q), f/iere is no boundary point of a ■ GL + (2,R) wii/i central charge Z' := Z°, := 

Sft-COt(7T7')S. 

Proof. We consider the case P(7 + ) = {0}. The second case is similar. If there is a 
boundary point a' = (Z' = Z°,,V), we can replace Z°, and assume 7' = 7'+ = 7 + . 
Indeed, since V(l) is of finite length and 7" 1 " satisfies ((4]), the pair <j + := (Z° + ,V') 
is a locally finite stability condition. It is easy to see that a + is still in the boundary 
of er-GL + (2, R). Since Z is a local homeomorphism, there is an open neighbourhood 
of (j + in S which is isomorphic to an open ball in V(E). The intersection of this 
ball with V(Yj) a can be identified with an open ball in Mat(2,R) with center 

7 a „ ( 1 -COt(7r 7 +) \ 

V - ^ ) ■ 

Such a ball contains the central charge Z°„ = 5ft — cot (^7") 3 with 7" G (7+, 7+ +c) 
and e > sufficiently small. By definition of 7+ we can assume without loss of 
generality Zy,(E) = for some cr-stable ^ E E V . As Zy, is a boundary point 

of the orbit GL+(2,R) Z = (GL + (2, R)) _1 ■ Z = Z(a -GL+ (2, R)) and semistability 
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is a closed property, this E is still semistable in the stability condition lying in the 
neighbourhood of er+ and mapped by Z onto Z°„ . This contradicts Z°„ (E) =0. □ 

Due to Proposition 4.2, we have to assume V(j + ) ^ {0} and V{i~) ^ {0} in order 
to obtain stability conditions with central charges Z° in the boundary of the orbit 

ct-GL+(2,M). 




The dots are the central charges of the <r-scmistable objects in A. 

As in the end we want to avoid boundary points, we need a criterion that excludes 
the cases ^ {0} and P(7~) ^ {0}. This is only possible in special situations 

and the following will be enough in the geometric context we are interested in. 

Lemma 4.3. Suppose there exists a sequence E n G V( r y + ),n G N, of non isomor- 
phic simple objects. Then there is no object I G "P((0,7"]) with Ext 1 (i? n ,/) ^ 
for all n G N. 

Proof. If such an object / exists, we construct by induction a sequence of nontrivial 
extensions 

— ► I n — ► I n+ i — ► E n — > 

in A = P((0, 1]) with /„ G V((0, 7"]) and the additional property Ext 1 ^, I n ) ^ 
for all k > n and n G N. Since Z(I n+ i) = Z(I n ) + Z(E n ), we get 4>{I n ) > 7~ for 
u>0 which contradicts /„ G P((0, 7"]). 

The construction of I n starts with 7 = I- Due to our assumption this is possi- 
ble. Assume we have constructed /„ G "P((0,7~]). Choose an element / e 6 
Ext (E n , I n ) and consider the corresponding nontrivial extension in A 

— ► /„ — > I n+ i — ► E n — > 0. 

For any ^ F G P(7~, 1] = -P[7 + , 1] stable in a we get the following long exact 
sequence 

— ► Hom(F, I n+1 ) — ► Hom(F, E n ) — » Ext 1 (F, I n ) — » Ext 1 (F, I n+1 ). 
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Now, Hom(P, E n ) = unless F — E n and in the latter case Hom(P„, E n ) = C-Id^. 
But l&E n is mapped to ^ e e Ext (P„, I n ). Therefore, Hom(P, I n +i) = for 
all F G P((7~,l]) and we conclude I n +i G P((0,7 - ]). Furthermore, the map 
Ext (Pfc, I n ) — > Ext 1 (_Efe, I n +i) is an injection for k > n+1. Hence Ext (Pfc, 7„ + i) 
^ for all fc > n + 1 by the induction hypothesis and we are done. □ 

Using this we get our main result of this section. 

Theorem 4.4. Assume X is a generic complex torus of dimension d > 3. Then 
U(X):= |J a {p) -GL+(2,R) U (J aj p) • GL+(2, R) 

0<p<d l<p<d 

16(0,1/2) 

is a simply connected component of Stab(X) 6m£ Z : £7(X) — > Z(£7(X)) is not a 
covering. 

Proof. On a generic complex torus of dimension d any stability function of a numeri- 
cal stability condition is a complex linear combination of cho = rk and ch^. Since the 
orbits <7(p) • GL + (2, R) are of real dimension four, they are open in Stab(X). We de- 
scribe the closure of these open orbits beginning with that of <7( ) = (-Z(o) > Coh(X)). 
We want to exclude boundary points with 7 G (0, 1/2]. In order to apply Proposi- 
tion 4.2, we show V{"i + ) = {0}. Indeed, if ^ E G P(7 + ) is a stable sheaf, then it 
is torsionfree, because 7+ < 1/2. Now, choose a sequence of numerical trivial line 
bundles L n G Pic°(X) with L„ B ' 7^ L n k ^ for all m ^ n. Hence E®L. m ^ E®L n 
for m ^ n, because of det(P vv ® L) = det(P vv ) <8> L rk < E » for every L G Pic(X). 
Furthermore, the sheaves E n := E ® L„ are also O7 ) -stable of phase 7+. We intro- 
duce the sheaf P := k(y) for some i/el. Choose an epimorphism / : Eq -» P and 
denote the kernel by I. We prove I G P((0, 7"]) and Ext 1 ^, I) ^ for all n G N 
which contradicts Lemma 4.3. Thus, V{"f + ) = {0}. 

In order to show I G P((0,7~]), we take a <T( ) -stable sheaf F G 7>((7~,1]) = 
■p([7 + , 1]) and consider the long exact sequence 

— ► Hom(P, I) — > Hom(P, E Q ) — > Hom(P, P) — > Ext^P, 7). 

Now, Hom(P, Eq) = unless F — E a and in the latter case Hom(P , Po) = C-Id£ . 
But Id Eo is mapped to / / G Hom(P ,P). Therefore, Hom(P, I) = for all 
P G P((7 _ ,l]) and I G P((0,7"]) follows. 

For the second property of I we consider the inclusion Hom(P„, P) <—* Ext (P„, I) 
and note that the former set contains / (g) idh n 7^ for all n G N. 
On the other hand, for every 7 G (1/2, 1) wc obtain a 1 ^ 1 as a boundary point. 
In the case < p < d — 1 the situation is very easy. There are two regions of 
boundary points of the orbit <7( p ) • GL+(2, R). For 7 G (0, 1/2) the boundary points 
are given by crTs and for 7 G (1/2, 1) the boundary points are °~(p+iy 
The case p = d — 1 is similar to the case p — 0. First of all E ® L G Coh^ d _^(X) 
for all P G Coh((j_i)(X) and L G Pic (X). Indeed, this is true for P = fc(y) and 
P = iP _d (P)[d — 1] locally free. But any P G Coh^-i) (X) is an extension of such 
special objects and tensoring with L maps extensions to exensions. Furthermore, 
P ® L ^ P for all P G Coh^.^fX) \ T and all L G Pic°(X) with P k < £ > ^ O x , 
because H 1 ~ d (E ® L) = P 1 " d (P) ® L ^ H 1 - d {E). 

Now, we can exclude boundary points with 7 G (1, 1/2) in the same way as for <7(o). 
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Note that 7+ < 1, because there are C(<i-i) -stable objects with phases sufficiently 
close to 1. The definitions of P, / and / are given by the short exact sequence 

— H 1 ~ d (E )[d - 1\ -^E ^ H°(Eq) — > 0. 

:=/ -P 

Since H 1 ~ d (E )[d — 1] has phase 1/2 (see Proposition 3.7) and 7~ > 1/2, the prop- 
erty / 6 "P((0,7~]) is obvious in this case. 

On the other hand, for every 7 e (0, 1/2) we obtain cr (' d _ 1 ) as a boundary point. 
Hence the open four-dimensional orbits ■ GL + (2,R) are successive connected 
by the three dimensional 'walls' U 7e ( u ,i/2)C r 7 n 1 GL + (2,R). Furthermore, the con- 
nected set U(X) is closed in Stab(X). The image of U(X) under Z : Stab(X) — ► 
{H°(X, C) © H d {X, C)) v S Mat(2, R) is an open subset. Since Z is a local homeo- 
morphism, U(X) is also open and hence a connected component of Stab(X). 
It is easy to see that ({cr (p _ 1) , cr (p) } U {al, | 7 E (0,1/2)}) • GL+(2,M) is the uni- 
versal cover of its image for all < p < d — 1. This image has fundamental group Z 
which is 'resolved' by the shift functor [2]. Using the Seifert-van Kampen theorem 
one concludes ni(U(X)) = 0. Since the number of preimages of a stability function 
is not constant, U(X) is not the universal cover of its image. □ 
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